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Introduction



Introduction (1)

The neural networks currently used in practice in the field of generative AI have an
enormous number of parameters. Since machine learning is a framework for
determining the parameters of a parametric function from training data, an amount
of training data corresponding to the number of parameters to be determined is
required.

For example, if one attempts to minimize an objective function using a gradient
method, the objective function itself must contain enough information to sufficiently
judge the quality of the parameters for the task one wants to solve. This requires
an amount of training data corresponding to the number of parameters.
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Introduction (2)

Collecting a large amount of training data is accompanied by difficulties, and even
if it is collected, learning on it requires a large amount of computation. Therefore, if
possible (i.e., if there are no major performance problems), one would like to
reduce the amount of training data used. For learning to succeed even with less
training data, the number of parameters changed during learning needs to be
small.

For the reasons mentioned above, one would like to reduce the number of
parameters changed during learning, if possible. Of course, in a situation
where one is building a model by training from scratch, if the task itself is complex
and the desired input-output relationship is complicated, a high-dimensional
checkpoint (a large number of parameters) and a large-scale architecture are
necessary to represent that complex input-output relationship, and data for training
it is also necessary. Thus, the policy of reducing the number of parameters to be
learned is inherently unreasonable.
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Introduction (3)

On the other hand, if one is in a situation where one already has a model fθ that
gives a good input-output relationship, and it is expected that a better input-output
relationship can be obtained by modifying it slightly (in some sense), then a
scheme of learning the minimum number of parameters just enough to
represent the part corresponding to that slight modification might be
practically feasible. The idea of starting from an existing model and modifying it
slightly to obtain a better model is called fine-tuning, and the idea of realizing this
by learning a small number of parameters is called PEFT (parameter-efficient
fine-tuning). In this lecture, we will learn about LoRA (low-rank adaptation) as a
typical example of PEFT [3,2].
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Learning Outcomes

After completing this lecture, students should be able to do the following:

• Control the behavior of generative AI using LoRA.

• Explain the advantages of LoRA.

• Distinguish and explain what LoRA does mathematically and what it does in
implementation.
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Preparation: Mathematical
Notations Revisited



Mathematical Notations (1)

• Definition:
• (LHS) := (RHS): Indicates that the left-hand side is defined by the right-hand

side. For example, a := b indicates that a is defined by b.
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Mathematical Notations (2): Sets

• Set (Set):
• Sets are often denoted by uppercase calligraphic letters. Example: A.
• x ∈ A: Indicates that the element x belongs to the set A.
• {}: Empty set.
• {a, b, c}: The set consisting of elements a, b, c (extensional notation).
• {x ∈ A | P (x)}: The set of elements in set A for which the proposition P (x) is

true (intensional notation).
• R: The set of all real numbers.
• R>0: The set of all positive real numbers.
• R≥0: The set of all non-negative real numbers.
• Z: The set of all integers.
• Z>0: The set of all positive integers.
• Z≥0: The set of all non-negative integers.
• [1, k]Z := {1, 2, . . . , k}: For a positive integer k, the set of integers from 1 to k.
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Mathematical Notations (3): Functions

• Function (Function):
• f : X → Y : Indicates that the function f is a map that takes elements from set X

as input and outputs elements from set Y.
• y = f(x): Indicates that the output is y ∈ Y when x ∈ X is input to the function f .
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Mathematical Notations (4): Vectors

• Vector (Vector):
• In this course, a vector refers to a column of numbers.
• Vectors are denoted by bold italic lowercase letters. Example: v.
• v ∈ Rn: Indicates that the vector v is an n-dimensional real vector.
• The i-th element of vector v is denoted as vi.

v =


v1
v2
...
vn

 . (1)
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Mathematical Notations (5): Matrices

• Matrix (Matrix):
• Matrices are denoted by bold italic uppercase letters. Example: A.
• A ∈ Rm,n: Indicates that the matrix A is an m× n real matrix.
• The element in the i-th row and j-th column of matrix A is denoted as ai,j .

A =


a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n

...
...

. . .
...

am,1 am,2 · · · am,n

 . (2)
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Mathematical Notations (6): Transpose

• Matrix (Matrix), continued:
• The transpose of matrix A is denoted as A⊤. If A ∈ Rm,n, then A⊤ ∈ Rn,m, and

A⊤ =


a1,1 a2,1 · · · am,1

a1,2 a2,2 · · · am,2

...
...

. . .
...

a1,n a2,n · · · am,n

 (3)

.
• A vector is also a matrix with 1 column, and its transpose can also be defined.

v⊤ =
[
v1 v2 · · · vn

]
∈ R1,n (4)

.
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Mathematical Notations (7): Tensors

• Tensor (Tensor):
• In this lecture, the term tensor simply refers to a multi-dimensional array. A

vector can be regarded as a 1st-order tensor, and a matrix as a 2nd-order
tensor. Tensors of 3rd-order or higher are denoted by underlined bold italic
uppercase letters, like A.

• Students who have already learned about abstract tensors in mathematics or
physics may feel resistant to calling a mere multi-dimensional array a tensor. If
one considers that the basis is always fixed to the standard basis and the
mathematical tensor is identified with its component representation (which
becomes a multi-dimensional array), then there is (arguably) consistency in the
terminology.
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The Idea of PEFT: Representing
Model Differences with
Low-Dimensional Parameters



Review of PEFT Motivation

Let’s review the motivation for PEFT. We assume a situation where we already
have a model fθ that provides a good input-output relationship, and we expect to
obtain a better input-output relationship by modifying it slightly. In this situation, the
idea of PEFT is to try to represent the part corresponding to that slight modification
with a small number of parameters (or a low-dimensional parameter vector).
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Remark on “Slight Modification”

Remark
Here, “slight modification” is not something to be defined strictly mathematically.
Although there are many mathematical criteria for measuring the closeness of
functions, it does not necessarily mean “slight” in that sense here. “Slight” here,
in the end, can only be defined as a modification that can be represented by a
small number of parameters, which becomes a tautology. To be more precise, it
is more accurate to say that methods have been empirically found that can
achieve good performance improvements with specific modifications represented
by a small number of parameters, and these are called PEFT.
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PEFT Adapter: Setup

We will strictly define PEFT as a function. Here, we let the parameter space of the
original model fθ be

θ ∈ RdOriginal (5)

and the input and output spaces be X and Y, respectively.
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Definition: PEFT Adapter

Definition (PEFT Adapter)

Let X be the input space and Y be the output space. Fix dOriginal ∈ Z>0, and
suppose we are given a parametric function f(·) with parameters on the
parameter vector space RdOriginal . Given θ ∈ RdOriginal , a specific function
fθ : X → Y is determined.

Fix dPEFT ∈ Z>0, and let the PEFT parameter be ψ ∈ RdPEFT . At this time, a
PEFT adapter is a map

PEFTAdapterf(·),ψ : RdOriginal → YX . (6)

The original model θ ∈ RdOriginal is transformed into PEFTAdapterf(·),ψ(θ),
depending on the small number of parameters ψ. The specific way this
transformation is determined depends on the PEFT method.
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Remark: PEFT Adapter Intuition

Remark

Definition 1 defines PEFT very abstractly, but the essence is as follows. We fix a
base model fθ and construct a new function PEFTAdapterf(·),ψ(θ) through the
PEFTAdapter. At this time, PEFTAdapterf(·),ψ(θ) is controlled by the
low-dimensional parameter ψ. That is, it is a framework that allows access to
various models in the vicinity of fθ by changing ψ.
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PEFT as Learning Problem

Under Definition 1, PEFT is a framework for determining the PEFT parameter
ψ in the PEFT adapter by learning, so that it becomes a “good” function for
the desired task. More specifically, the learning in PEFT involves defining some
objective function (e.g., a loss function) as a function of ψ and minimizing it.
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Motivation for a Simple Example

Since Definition 1 is abstract, let’s consider the simplest specific example.
Consider the case where the original parameter vector θ is explicitly divided into a
part that is not updated during learning and a part that is updated.
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Example: Simple PEFT by Modifying Only Some Parameters

Example (Simple PEFT by Modifying Only Some Parameters)

For dfixed, dtuned ∈ Z>0, let dOriginal := dfixed + dtuned and represent the parameter
vector by block partitioning as

θ =

[
θfixed

θtuned

]
∈ RdOriginal . (7)

Here, θfixed ∈ Rdfixed are the parameters not changed during learning (fixed
parameters), and θtuned ∈ Rdtuned are the parameters changed during learning.

At this time, we define the SimplePEFTAdapterf(·),∆θtuned as follows:

SimplePEFTAdapterf(·),∆θtuned

([
θfixed

θtuned

])
:= f θfixed

θtuned +∆θtuned

. (8)
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Simple example note

In the previous example, ∆θtuned ∈ Rdtuned is the difference parameter determined
by learning, and it corresponds to the PEFT parameter in this example. That is,
matching the notation of Definition 1, we have

ψ = ∆θtuned, dPEFT = dtuned. (9)
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Remark: Observations from the Simple PEFT Example

Remark

Let’s make some observations from Example 2.

• First, the number of parameters to be determined is dPEFT = dtuned, which
can be set freely by the designer. In particular, it can be designed such that
dtuned ≪ dOriginal. This is a great advantage in terms of learning stability when
the available training data is scarce.

• Next, consider the perspective of memory for storage. If one only wants to
obtain the result of PEFT, one may discard the original θ and save only[

θfixed

θtuned +∆θtuned.

]
(10)

The number of parameters to save in this case is dOriginal, which is the same
as saving the original model.
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Remark: Observations from the Simple PEFT Example (2)

Remark (continued)

• On the other hand, suppose that both the original fθ and the PEFT-modified
f θfixed

θtuned +∆θtuned

 are valuable for applications. In this case, naively

thinking, one would save two sets of parameters, θ and (10), resulting in
storing a total of 2dOriginal floating-point values.

• However, in reality, the PEFT-modified (10) can be recovered from the original

θ and ∆θtuned as

[
θfixed

θtuned +∆θtuned

]
=

[
θfixed

θtuned

]
+

[
0

∆θtuned

]
, so the number

of floating-point values that need to be saved is
dOriginal + dPEFT = dOriginal + dtuned. Usually, dtuned ≪ dOriginal, so PEFT can
significantly reduce the number of floating-point values to be saved.
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Remark: Observations from the Simple PEFT Example (3)

Remark (continued)

• In particular, if PEFT is performed separately for multiple purposes, for
example, if K PEFTs are performed and each PEFT result is valuable for
applications. Naive storage would require saving (K + 1)dOriginal floating-point
values. On the other hand, when using PEFT, one only needs to save the
original θ and each task-specific ∆θ

(k)
tuned (k = 1, . . . ,K), so the number of

floating-point values to be saved is

dOriginal +KdPEFT = dOriginal +Kdtuned. (11)

When dtuned ≪ dOriginal and K is large, this difference is practically very
significant.
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PEFT Advantages

Thus, PEFT is advantageous from both the perspective of “number of parameters
to update during learning” and “number of parameters to save”. In the next
chapter, we will introduce LoRA, which achieves even higher parameter efficiency
by imposing further structural constraints on parameters represented as matrices.
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The Idea of Low Rank Adaptation
(LoRA)



Motivation for Low-Rank Constraints

In the method described above, if dPEFT ≪ dOriginal, the parameter efficiency of
PEFT is good, but a concern is whether it can provide practically good differences
when dPEFT is small. Of course, mathematically considering the worst case, it’s
impossible for a small number of parameters to substitute for many parameters.
The issue here is not the mathematical worst case, but whether, when considering
practical utility in natural or social sciences, a better difference can be represented
with a small number of parameters.

27/69



Empirical Motivation for Low-Rank Differences

In fact, for the neural networks of generative AI in practical use, it is empirically
known that when a part of the parameters can be regarded as a matrix
representing a linear transformation, it is better to limit the difference to be
represented by a low-rank matrix using fewer parameters, rather than
representing the difference directly. This can represent practically useful
differences despite the small number of parameters [3,2]. LoRA (low-rank
adaptation) is based on this idea, representing the difference for matrix-form
parameters as a product of a matrix with few rows (a matrix with a small number of
rows) and a matrix with few columns (a matrix with a small number of columns).
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Rank of a Matrix via Factorization

As a basic matter of linear algebra, we will strictly define the rank of a matrix
based on matrix factorization.
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Definition: Matrix Rank by Factorization

Definition (Definition of Matrix Rank by Factorization)

Let dout, din ∈ Z>0 and W ∈ Rdout,din . Consider the set

S(W ) :=
{
r ∈ Z≥0

∣∣∣ ∃B ∈ Rdout,r, A ∈ Rr,din exist such that W = BA
}
. (12)

At this time, the rank of W is defined as rank(W ) := minS(W ). That is,
rank(W ) is the minimum value of the number of column vectors r required when
representing W as

W = BA, B ∈ Rdout,r, A ∈ Rr,din , (13)

and it represents the “minimum number of vectors” necessary to represent W . In
particular, if W = 0, then rank(W ) = 0.
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Proposition: Equivalent Characterizations of Matrix Rank

Proposition (Equivalent Characterizations of Matrix Rank)

For rank(W ) defined in Definition 3, the following hold.

(1) rank(W ) = dim C(W ). Here, C(W ) is the subspace spanned by the column
vectors of W , called the column space.

(2) rank(W ) = dimR(W ). Here, R(W ) is the subspace spanned by the row
vectors of W , called the row space.

In particular, the dimensions of the column space and row space of W are
always equal.
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Remark: Rank, Column Space, and Parameter Count

Remark

From Proposition 1, rank(W ) = r is equivalent to the dimension of the column
space of W being r, i.e., “the number of linearly independent column vectors
needed to generate all column vectors of W is r”. On the other hand, according
to Definition 3, when rank(W ) = r, W can be expressed using B ∈ Rdout,r and
A ∈ Rr,din as in equation (13). In this case, the number of elements in B is doutr,
and the number of elements in A is rdin, so W can be described by specifying a
total of drank := doutr + rdin scalars. In particular, when r ≪ min{dout, din}, we
have drank ≪ doutdin so a low-rank matrix is a class of matrices that can be
described with far fewer parameters compared to handling the original full-rank
matrix directly. This is perfectly consistent with the motivation of PEFT, which is
to represent models and differences as much as possible with a small number of
parameters.
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LoRA and Low-Rank Differences

LoRA improves parameter efficiency by artificially constraining the difference
matrix ∆W to be represented in this form.
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Definition: Difference Matrix in LoRA

Definition (Difference Matrix in LoRA)

Fix dout, din ∈ Z>0, and let the original matrix parameter be W ∈ Rdout,din . Let
r ∈ Z>0 be a parameter called rank, and α ∈ R be a parameter called scaling
factor.

At this time, the difference matrix ∆W ∈ Rdout,din by LoRA is defined as

∆W :=
α

r
BA. (14)

Here, A ∈ Rr,din , B ∈ Rdout,r are matrices determined by learning, and are the
main learning targets of LoRA.

The matrix parameter after applying LoRA is defined as

W̃ :=W +∆W =W +
α

r
BA. (15)
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Remark on α and r in LoRA

Remark

As an implementation note regarding LoRA, the α/r appearing in equation (14)
is redundant in a strict sense. That is, the same expressive power can be
maintained by setting α to 1 and incorporating the scalar into A or B.

In reality, the LoRA paper [3], after including α and r in the formulation as above,
explicitly states that α is set equal to the rank r, i.e., α = r, as an experimental
setup. In this case, the coefficient α/r in equation (14) is always 1, which is
mathematically equivalent to adding ∆W = BA. The inclusion of α and r in the
formulation is for the convenience of theoretical explanation.

The above setting is in line with the LoRA training script
train_text_to_image_lora.py for Stable Diffusion in Hugging Face diffusers.
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Parameter Count in LoRA

Let’s count the number of parameters in the difference matrix. Whereas the
original full degrees of freedom are doutdin, in LoRA, the degrees of freedom for
A,B are

dLoRA := rdin + doutr = r(din + dout) (16)

and one for the scalar α, totaling r(din + dout) + 1. Usually, we choose
r ≪ min{din, dout}, so dLoRA ≪ doutdin.
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Example: Comparison of Specific Parameter Counts

Example (Comparison of Specific Parameter Counts)

As specific numbers, consider the case din = 768, dout = 3072, r = 32. This is a
size typically appearing in the linear transformations of intermediate layers in
Transformer-based models [7,5].

First, the number of elements in the original matrix parameter W ∈ R3072,768 is

dfull = doutdin = 3072× 768 (17)

. Calculating this gives

dfull = 3072× 768 = 2, 359, 296 (18)

scalars.
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Example: Comparison of Specific Parameter Counts (2)

Example (continued)

On the other hand, the number of elements in A,B representing the difference
by LoRA is

dLoRA = r(din + dout) = 32(768 + 3072) = 32× 3840 = 122, 880, (19)

and even adding the scalar α, it is 122, 881.

Therefore, compared to representing the difference matrix at full size, the
number of parameters required is

dLoRA

dfull
≈ 1.23× 105

2.36× 106
≈ 0.052, (20)

which is reduced to about 1/19.
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Setup: LoRA for General Neural Networks

Next, we define the framework for applying LoRA to a general neural network
containing multiple matrix parameters.
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Definition: LoRA for General Neural Networks

Definition (LoRA for General Neural Networks)

Let fW 1,W 2,...,WK ,θothers be a neural network consisting of K matrix parameters
and other parameters. That is, W k ∈ Rdout,k,din,k (k = 1, . . . ,K) and

θothers ∈ Rdothers . (21)

Let the entire set of parameters be

Θ =
(
W 1, . . . ,WK ,θothers

)
, (22)

and this is the parameter of the model f .
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Definition: LoRA for General Neural Networks (2)

Definition (LoRA for General Neural Networks, continued)

For each k ∈ [1,K]Z, fix a rank rk ∈ Z>0, and let Ak ∈ Rrk,din,k ,Bk ∈ Rdout,k,rk be
the LoRA matrix parameters, and αk ∈ R be the LoRA scaling factor. Also, let
η ∈ R be a parameter that controls the overall scaling of LoRA. η is usually a
hyperparameter set at inference time and is often not a learning target.

At this time, the LoRA adapter is defined as

LoRAf(·),η,α1,A1,B1,...,αK ,AK ,BK
(W 1, . . . ,WK ,θothers)

:= fW 1+η
α1
r1
B1A1,W 2+η

α2
r2
B2A2, ...,WK+η

αK
rK
BKAK ,θothers

. (23)

Here, for k = 1, 2, ...,K, rk is a predetermined positive integer and is not
changed during learning. Also, αk is usually a fixed positive number.
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Definition: LoRA for General Neural Networks (2)

Definition (LoRA for General Neural Networks, continued)
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hyperparameter set at inference time and is often not a learning target.

At this time, the LoRA adapter is defined as

LoRAf(·),η,α1,A1,B1,...,αK ,AK ,BK
(W 1, . . . ,WK ,θothers)

:= fW 1+η
α1
r1
B1A1,W 2+η

α2
r2
B2A2, ...,WK+η

αK
rK
BKAK ,θothers

. (23)

Here, for k = 1, 2, ...,K, rk is a predetermined positive integer and is not
changed during learning. Also, αk is usually a fixed positive number.
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Remark: Controlling LoRA Strength

Remark

In Definition 7, η is a parameter that adjusts the “strength” of LoRA. In the
learning phase, learning is often performed with η = 1, and by changing η in the
inference phase,

W̃ k(η) =W k + η
αk

rk
BkAk (24)

, the contribution of the modification by LoRA can be strengthened or weakened.
Setting η = 0 returns to the original model fW 1,...,WK ,θothers .
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LoRA Training: Objective Function

Under Definition 7, training LoRA means determining Ak,Bk (k = 1, . . . ,K) based
on the training data. Here, we assume that the original matrix parameters W k and
other parameters θothers are fixed and not updated.

Given m input-output pairs (x(i),y(i)) for i = 1, . . . ,m, define the objective function
(loss function) as

L(α1,A1,B1, . . . , αK ,AK ,BK) :=
1

m

m∑
i=1

ℓ
(
y(i), fLoRA(x(i))

)
(25)

.
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LoRA Training: Model with LoRA

Here,

fLoRA(x) := LoRAf(·),η=1,α1,A1,B1,...,αK ,AK ,BK
(W 1, . . . ,WK ,θothers)(x) (26)

= fW 1+
α1
r1
B1A1, ...,WK+

αK
rK
BKAK ,θothers

(x) (27)

, and ℓ is a task-dependent loss function, such as mean squared error or
cross-entropy.
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Definition: LoRA Training Problem

Definition (LoRA Training Problem)

The LoRA training problem is, given the fixed original parameters
W 1, . . . ,WK ,θothers, to solve

Minimize
A1,B1,...,AK ,BK

L(A1,B1, . . . ,AK ,BK) (28)

.
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Remark: Gradient-Based Training for LoRA

Remark

In actual training, a gradient method (stochastic gradient descent, AdamW, etc.)
is used to numerically solve the minimization problem in Definition 9. That is, at
each step,

∂L
∂Ak

,
∂L
∂Bk

(29)

are obtained by backpropagation, and Ak,Bk are updated based on them. At
this time, gradients with respect to W k and θothers are calculated but not used for
updates (they are not updated). This allows training only the LoRA parameters
without changing the original model.
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LoRA Strength Control at Inference Time

After the LoRA parameters αk,Ak,Bk are determined by Definition 9, the strength
of the LoRA contribution can be controlled using η from Definition 7 in the
inference phase.

That is, at inference time, by specifying an arbitrary η ∈ R and defining

fLoRA,η(x) = fW 1+η
α1
r1
B1A1, ...,WK+η

αK
rK
BKAK ,θothers

(x) (30)

, one can return to the original model with η = 0, use the same strength as during
training with η = 1, or strengthen or weaken the LoRA contribution more than
usual with |η| > 1.

In implementation, by allowing the user to explicitly specify η, the “strength of the
LoRA flavor” can be easily adjusted. This is frequently used for purposes such as
adjusting style transfer or the tendency of prompt responses.
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Specific Application of LoRA:
Example with Stable Diffusion 1.5



Components of Stable Diffusion 1.5

In this section, we will outline the application of LoRA in Stable Diffusion 1.5 [6,1]
as a specific example. Here, we will mathematically describe which matrix
parameters LoRA is applied to, referring to the layer names in the Python libraries
diffusers1 and transformers2.

Stable Diffusion 1.5 is broadly composed of the following components:

• Text encoder: Usually a CLIPTextModel from transformers or a similar
model, which generates embeddings (condition vectors) from the input text
token sequence [4].

• U-Net denoiser (U-Net style noise estimator): Implemented as
UNet2DConditionModel in diffusers, it estimates noise from a noisy latent
variable. It includes self-attention and cross-attention blocks.

• VAE (variational auto-encoder): Implemented as AutoencoderKL or similar,
it handles the mutual conversion between images and latent representations.

1Official repository for the diffusers library: https://github.com/huggingface/diffusers
2Official repository for the transformers library:
https://github.com/huggingface/transformers
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LoRA Application Points in Stable Diffusion 1.5

In practice, the main places where LoRA is applied are the following two:

• Targeting only the U-Net: Apply LoRA to the linear layers related to
self-attention and cross-attention in the noise estimator (especially to_q,
to_k, to_v, to_out).

• Also applying to the text encoder: In addition to the above, apply LoRA to the
self-attention layers (self.attn.q_proj, k_proj, v_proj, out_proj) or MLP
parts of the CLIPTextModel.

In the following, we will define the functions represented by each layer, separating
input variables and parameters, and strictly describe in mathematical formulas
which matrices LoRA is applied to.
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Dimensions in CrossAttention

Let dmodel be the dimension of the feature vectors, dhead be the dimension of each
head, and nhead be the number of heads, such that

dmodel = nheaddhead (31)

.
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Definition: CrossAttention Layer in U-Net i

Let the query input sequence and the key/value input sequences be

Xq ∈ RLq,dmodel , Xk ∈ RLk,dmodel , Xv ∈ RLk,dmodel (32)

. Here, Lq, Lk are the query sequence length and the key/value sequence length,
respectively.
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Definition: CrossAttention Layer in U-Net ii

The CrossAttention layer of the U-Net has the following matrix parameters:

W q ∈ Rdmodel,dmodel , (33)

W k ∈ Rdmodel,dmodel , (34)

W v ∈ Rdmodel,dmodel , (35)

W o ∈ Rdmodel,dmodel . (36)

These correspond to to_q, to_k, to_v, to_out in the diffusers implementation.
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Definition: CrossAttention Layer in U-Net iii

First, by linear transformation,

Q :=XqW
⊤
q ∈ RLq,dmodel , (37)

K :=XkW
⊤
k ∈ RLk,dmodel , (38)

V :=XvW
⊤
v ∈ RLk,dmodel (39)

are determined. Q,K,V are split for each head, and written as

Q↔
(
Q(h)

)nhead

h=1
, Q(h) ∈ RLq,dhead , (40)

K ↔
(
K(h)

)nhead

h=1
, K(h) ∈ RLk,dhead , (41)

V ↔
(
V (h)

)nhead

h=1
, V (h) ∈ RLk,dhead (42)

.
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Definition: CrossAttention Layer in U-Net iv

Scaled dot-product attention is calculated for each head. That is,

S(h) :=
1√
dhead

Q(h)K(h)⊤ ∈ RLq,Lk (43)

, and applying softmax row-wise,

A(h) := softmaxrow(S
(h)) ∈ RLq,Lk (44)

is determined. Then
O(h) := A(h)V (h) ∈ RLq,dhead (45)

is obtained.
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Definition: CrossAttention Layer in U-Net v

The outputs for h = 1, . . . , nhead are concatenated in the feature dimension
direction

O := Concatnhead
h=1 O

(h) ∈ RLq,dmodel (46)

, and finally
Y := OW⊤

o ∈ RLq,dmodel (47)

is the output of the CrossAttention layer.
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Remark: CrossAttention Intuition

Remark

Definition 51 writes down the standard multi-head attention of the
Transformer [7], adapted for the attention blocks of the U-Net. Although batch
dimensions, positional encodings, etc., are included in the implementation, the
important point is that the linear layers (37)–(39), (47) targeted by LoRA have
been explicitly shown in mathematical formulas.
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Applying LoRA to CrossAttention

A typical method for applying LoRA is to add separate LoRAs to each of
W q,W k,W v,W o. For example, consider LoRA for W q.

Prepare rank rq, scaling factor αq, matrices Aq ∈ Rrq,dmodel , Bq ∈ Rdmodel,rq , and

W̃ q :=W q + η
αq

rq
BqAq (48)

is determined. Similarly,

W̃ k :=W k + η
αk

rk
BkAk, W̃ v :=W v + η

αv

rv
BvAv, W̃ o :=W o + η

αo

ro
BoAo

(49)

are defined. Here, rq, rk, rv, ro are the ranks for each respective matrix, and in
implementation, a common value is often used.

The CrossAttention layer after applying LoRA is defined as in Definition 51, but
replacing W q,W k,W v,W o with W̃ q, W̃ k, W̃ v, W̃ o respectively in (37)–(47).
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Dimensions in CLIP Text Self-Attention

The text encoder of Stable Diffusion 1.5 is the CLIP text model [4], implemented
as CLIPTextModel in transformers. Here too, LoRA is often applied to the linear
transformations of the self-attention layers.

Let dtextmodel be the dimension of the text embedding, ntext
head be the number of heads,

and dtexthead be the dimension of each head.

dtextmodel = ntext
headd

text
head (50)

. Let the input sequence be

Xtext ∈ RLtext,dtextmodel (51)

.

58/69



Dimensions in CLIP Text Self-Attention

The text encoder of Stable Diffusion 1.5 is the CLIP text model [4], implemented
as CLIPTextModel in transformers. Here too, LoRA is often applied to the linear
transformations of the self-attention layers.

Let dtextmodel be the dimension of the text embedding, ntext
head be the number of heads,

and dtexthead be the dimension of each head.

dtextmodel = ntext
headd

text
head (50)

. Let the input sequence be

Xtext ∈ RLtext,dtextmodel (51)

.

58/69



Definition: CLIP Text Self-Attention Layer

Definition (CLIP Text Self-Attention Layer)

The self-attention layer of the CLIP text model has the following matrix
parameters: W text

q ,W text
k ,W text

v ,W text
o ∈ Rdtextmodel,d

text
model .

Query, key, and value are defined as

Qtext :=XtextW
text⊤
q , (52)

Ktext :=XtextW
text⊤
k , (53)

V text :=XtextW
text⊤
v , (54)

, and then multi-head self-attention is calculated similarly to Definition 51, and
the output is

Y text := OtextW text⊤
o . (55)
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LoRA for CLIP Text Self-Attention

The application of LoRA is similar to the CrossAttention in the U-Net, and for each
matrix parameter,

W̃
text

q = W text
q + η

αtext
q

rtextq

Btext
q Atext

q , (56)

W̃
text

k = W text
k + η

αtext
k

rtextk

Btext
k Atext

k , (57)

W̃
text

v = W text
v + η

αtext
v

rtextv

Btext
v Atext

v , (58)

W̃
text

o = W text
o + η

αtext
o

rtexto

Btext
o Atext

o (59)

are determined. This modifies the self-attention of the text encoder by LoRA. In
practice, by combining the LoRA of the text encoder with the LoRA of the U-Net,
both the tendency of prompt interpretation and the image generation process are
controlled.
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Remark: Fusing LoRA vs. On-the-fly Application i

There are at least the following two options for how to specifically use the
LoRA-applied matrix W̃ =W + α

rBA in calculations.

• Pre-fusing method: Before performing inference, W LoRA :=W + α
rBA is

calculated once and saved, and thereafter W LoRA is always used to calculate
W LoRAx. In the diffusers library, this is implemented as fuse_lora(). This
method is advantageous in terms of computation, because once W LoRA is
calculated, there is no need to calculate BAx every time during numerous
inferences (image generation steps).
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Remark: Fusing LoRA vs. On-the-fly Application ii

• Applying LoRA during each forward pass method: Even at inference time,
the original matrix W is kept as is, and for the input x,

Wx+
α

r
BAx (60)

is calculated every time. This method is highly flexible when one wants to
switch multiple LoRAs at once or turn LoRA on/off during inference. It is also
useful in situations where one absolutely does not want to change the original
W .
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Remark: Fusing LoRA vs. On-the-fly Application iii

In general, the on-the-fly method is convenient in situations where LoRA
application and removal are frequently repeated, while the fuse method is
advantageous in terms of computational efficiency when a certain LoRA is fixed
for a long time to perform a large amount of inference.
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Summary and Next Lecture
Preview



Summary

We briefly review the Learning Outcomes set forth in this lecture.

• LoRA is a type of parameter-efficient fine-tuning (PEFT) that can efficiently
realize a better model for solving a task by determining a small number of
parameters that represent the difference from the original model.

• LoRA requires changing only a small number of parameters, yet possesses
sufficient expressive power for applications. This brings practical advantages
such as improved learning stability with small data, reduction in storage
usage, and ease of managing numerous task-specific adapters.

• Mathematically, LoRA restricts the difference matrix to one represented by the
product of a matrix with few rows and a matrix with few columns, and
determines those matrices with few rows and few columns.

64/69



Summary

We briefly review the Learning Outcomes set forth in this lecture.

• LoRA is a type of parameter-efficient fine-tuning (PEFT) that can efficiently
realize a better model for solving a task by determining a small number of
parameters that represent the difference from the original model.

• LoRA requires changing only a small number of parameters, yet possesses
sufficient expressive power for applications. This brings practical advantages
such as improved learning stability with small data, reduction in storage
usage, and ease of managing numerous task-specific adapters.

• Mathematically, LoRA restricts the difference matrix to one represented by the
product of a matrix with few rows and a matrix with few columns, and
determines those matrices with few rows and few columns.

64/69



Summary

We briefly review the Learning Outcomes set forth in this lecture.

• LoRA is a type of parameter-efficient fine-tuning (PEFT) that can efficiently
realize a better model for solving a task by determining a small number of
parameters that represent the difference from the original model.

• LoRA requires changing only a small number of parameters, yet possesses
sufficient expressive power for applications. This brings practical advantages
such as improved learning stability with small data, reduction in storage
usage, and ease of managing numerous task-specific adapters.

• Mathematically, LoRA restricts the difference matrix to one represented by the
product of a matrix with few rows and a matrix with few columns, and
determines those matrices with few rows and few columns.

64/69



Next Lecture Preview

Next time, we will explain the relationship between the number of parameters
or the size of the function space, and the amount of data required for
learning. That is, we will outline the relationship between model capacity,
generalization performance, and the required sample size from the perspective of
statistics and learning theory, and consider how methods like PEFT and LoRA can
contribute to data efficiency.
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