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Introduction



Introduction (1)

The learning step of machine learning using parametric functions, including
generative Al, is a problem of determining good parameters to solve a given task
based on training data.

3/61



Introduction (1)

The learning step of machine learning using parametric functions, including
generative Al, is a problem of determining good parameters to solve a given task
based on training data. In many cases, the basic flow has been to define an
objective function that quantifies the poorness of the parameters based on the
training data, and to optimize this objective function using gradient methods or
similar approaches.
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Introduction (2)

Since training data is often obtained from the real world, its availability—whether it
is easy or difficult to obtain—is determined by the application and cannot be
changed for the convenience of mathematics or computer science.
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Introduction (2)

Since training data is often obtained from the real world, its availability—whether it
is easy or difficult to obtain—is determined by the application and cannot be
changed for the convenience of mathematics or computer science. Conversely, it
is necessary to determine the objective function and methods in accordance with
the format of the training data.
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Introduction (3)

In this lecture, we will learn about several major formats of training data and how
to define objective functions for each format.
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Introduction (3)

In this lecture, we will learn about several major formats of training data and how
to define objective functions for each format. Specifically, in addition to the
"input-output" pairs handled in the conventional framework of supervised
learning, we will introduce frameworks that use preference-based data and
reward functions, and organize at a mathematical level how these are used in the
actual learning of LLMs (large language models).
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Learning Outcomes

We explicitly state the Learning Outcomes of this lecture. By the end of this
lecture, students should be able to:

» Explain major training data formats such as input-output pairs, input and
reward functions, and preferences for input and output pairs.
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lecture, students should be able to:

» Explain major training data formats such as input-output pairs, input and
reward functions, and preferences for input and output pairs.

+ Explain the types of objective functions corresponding to the training data
formats.

In the following, we first summarize the mathematical notation as in the previous
lecture, then define typical formats of training data, and rigorously formulate what
kind of objective functions are used for each training data format in the case of
LLMs.
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Learning Outcomes

We explicitly state the Learning Outcomes of this lecture. By the end of this
lecture, students should be able to:

» Explain major training data formats such as input-output pairs, input and
reward functions, and preferences for input and output pairs.

+ Explain the types of objective functions corresponding to the training data
formats.

In the following, we first summarize the mathematical notation as in the previous
lecture, then define typical formats of training data, and rigorously formulate what
kind of objective functions are used for each training data format in the case of
LLMs. Finally, we will overlook how to design and learn reward functions based on
technical reports of actual large-scale models.
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Preparation: Recap of
Mathematical Notations



Recap of Mathematical Notations

Recapping the exact same content as Lecture 18.
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Mathematical Notations (1)

* Definition:
« (LHS) := (RHS): Indicates that the left-hand side is defined by the right-hand
side. For example, a := b indicates that « is defined by b.
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Mathematical Notations (1)

* Definition:
« (LHS) := (RHS): Indicates that the left-hand side is defined by the right-hand
side. For example, a := b indicates that « is defined by b.
+ Set:
+ Sets are often denoted by uppercase script letters. Example: A.
» z € A: Indicates that element x belongs to set A.
* {}: Empty set.
* {a,b,c}: Set consisting of elements a, b, ¢ (roster notation).
* {z € A| P(z)}: Set consisting of elements of set .4 for which proposition P(x) is
true (set-builder notation).
* RR: Set of all real numbers.
* R ¢: Set of all positive real numbers.
* R>(: Set of all non-negative real numbers.
» 7: Set of all integers.
* Z-o: Set of all positive integers. 8/61
» Z~o: Set of all non-negative integers.



Mathematical Notations (2)

* Function:
* f: X — Y: Indicates that function f is a map that takes an element of set X’ as
input and outputs an element of set ).
* y = f(x): Indicates that the outputis y € Y when x € X is input to function f.
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Mathematical Notations (2)

* Function:
* f: X — Y: Indicates that function f is a map that takes an element of set X’ as

input and outputs an element of set ).
* y = f(x): Indicates that the outputis y € Y when x € X is input to function f.

» Vector:
* In this course, a vector refers to a column of numbers arranged vertically.

+ Vectors are denoted by bold italic lowercase letters. Example: v.
* v € R": Indicates that vector v is an n-dimensional real vector.
» The ¢-th element of vector v is denoted as v,.

9/61



Mathematical Notations (2)

* Function:
* f: X — Y: Indicates that function f is a map that takes an element of set X’ as

input and outputs an element of set ).
* y = f(x): Indicates that the outputis y € Y when x € X is input to function f.

» Vector:
* In this course, a vector refers to a column of numbers arranged vertically.

+ Vectors are denoted by bold italic lowercase letters. Example: v.
* v € R": Indicates that vector v is an n-dimensional real vector.
» The ¢-th element of vector v is denoted as v,.

U1

7. (1)
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Mathematical Notations (3)

» Matrix:

» Matrices are denoted by bold italic uppercase letters. Example: A.
+ A € R™": Indicates that matrix A is a real matrix with m rows and n columns.
+ The element in the i-th row and j-th column of matrix A is denoted as a; ;.
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Mathematical Notations (3)

* Matrix:
» Matrices are denoted by bold italic uppercase letters. Example: A.
+ A € R™": Indicates that matrix A is a real matrix with m rows and n columns.
+ The element in the i-th row and j-th column of matrix A is denoted as a; ;.

a1 612 v OG1n
a1 G2 - Qg

A= | | . o (2)
am,1 Om,2 " OGmn
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Mathematical Notations (4)

* Matrix (transpose):
+ The transpose of matrix A is denotedas A". If A € R™" then AT € R»™, and
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Mathematical Notations (4)

* Matrix (transpose):

+ The transpose of matrix A is denotedas A". If A € R™" then AT € R»™, and

AT =

a1
a2

a1n

a1
az.2

az.n

Qm,1

Am,2

(3)

Gm.n
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Mathematical Notations (4)

* Matrix (transpose):

+ The transpose of matrix A is denotedas A'. If A ¢ R™", then AT € R»™, and

a1 @1 v Gmi
a2 a2 o Gy

AT = | o - 3)
Aln G2n " OGmn

» A vector is also a matrix with 1 column, and its transpose can also be defined.
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Mathematical Notations (4)

* Matrix (transpose):

+ The transpose of matrix A is denotedas A'. If A ¢ R™", then AT € R»™, and

a1 @1 v Gmi
a2 a2 o Gy

AT = | o - 3)
Aln G2n " OGmn

» A vector is also a matrix with 1 column, and its transpose can also be defined.

’UT = [1}1 Vg -+ Up| € R, (4)
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Mathematical Notations (5)

» Tensor:

* In this lecture, the term tensor simply refers to a multidimensional array. A vector
can be regarded as a 1st-order tensor, and a matrix as a 2nd-order tensor.
Tensors of 3rd order or higher are denoted by underlined bold italic uppercase
letters, such as A.
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Mathematical Notations (5)

» Tensor:

* In this lecture, the term tensor simply refers to a multidimensional array. A vector
can be regarded as a 1st-order tensor, and a matrix as a 2nd-order tensor.
Tensors of 3rd order or higher are denoted by underlined bold italic uppercase
letters, such as A.

+ Students who have already learned abstract tensors in mathematics or physics
may feel resistant to calling a simple multidimensional array a tensor. If we
assume that the basis is always fixed to the standard basis and identify the
mathematical tensor with its component representation (which becomes a
multidimensional array), there is (tentatively) consistency in terminology.
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Types of Training Data



Types of Training Data (1)

In the learning phase of Al using machine learning, while there is room to freely
change parametric functions, objective functions, and algorithms, training data is
often obtained from the real world, so its format cannot be easily changed.
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Types of Training Data (1)

In the learning phase of Al using machine learning, while there is room to freely
change parametric functions, objective functions, and algorithms, training data is
often obtained from the real world, so its format cannot be easily changed.
Depending on the application, there are formats that are easy to obtain and those
that are difficult. Therefore, it is necessary to appropriately design the objective
function according to the format of the training data. To do this, it is necessary to
understand the major formats of training data.
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Types of Training Data (2)

In this section, we introduce the major formats of training data.
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Types of Training Data (2)

In this section, we introduce the major formats of training data. In the following, let
the input space be X and the output space be ).
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Types of Training Data (2)

In this section, we introduce the major formats of training data. In the following, let
the input space be X and the output space be ). Since both inputs and outputs
are often vectors or sequences, we will denote them with bold italic lowercase
letters like x, y.
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Input-Output Pair Sequence

Definition (Input-Output Pair Sequence)

Let m € Z~( be the number of training data points. An input-output pair
sequence is a sequence

(i, yi) ) € (X X V)™ (5)

where for each i € [1,m]z, ¢; € X is an input, and y; € ) is an element that is
expected to be an appropriate output for that input.

In this case, the training dataset is written as

DO = {(zs, 9i) | i € [1,m]z}. (6)
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Burden in Supervised Learning and Generative Al

Remark (Burden in Supervised Learning and Generative Al)

The problem setting dealing with data in the format of Definition 1 is called
(narrowly defined) supervised learning. That is, it is a situation where y;
corresponding to a "correct label" or "model answer" is given for each input ;.

16/61



Burden in Supervised Learning and Generative Al

Remark (Burden in Supervised Learning and Generative Al)

The problem setting dealing with data in the format of Definition 1 is called
(narrowly defined) supervised learning. That is, it is a situation where y;
corresponding to a "correct label" or "model answer" is given for each input ;.

A characteristic of generative Al is that the output space ) is extremely complex,
such as natural language sequences, code sequences, or images. Therefore,
the task of manually creating an appropriate y; for an input x; imposes a greater
burden compared to other machine learning applications (e.g., class labeling in
image classification).
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Burden in Supervised Learning and Generative Al

Remark (Burden in Supervised Learning and Generative Al)

The problem setting dealing with data in the format of Definition 1 is called
(narrowly defined) supervised learning. That is, it is a situation where y;
corresponding to a "correct label" or "model answer" is given for each input ;.

A characteristic of generative Al is that the output space ) is extremely complex,
such as natural language sequences, code sequences, or images. Therefore,
the task of manually creating an appropriate y; for an input x; imposes a greater
burden compared to other machine learning applications (e.g., class labeling in
image classification). In this sense, while "input-output" pair sequences are
theoretically easy to understand, they are not necessarily a data format that is
easy to obtain in practice.
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Input-Two-Outputs-Preference Tuple Sequence

Definition (Input-Two-Outputs-Preference Tuple Sequence)

Let m € Z~( be the number of training data points. An
input-two-outputs-preference tuple sequence is a sequence
(zi,y; ,y;",bi),-, where for each i € [1,m]z:

e x; € Xis an input,

* y; ,y; €Y are two candidate outputs for the same input z;,

* b; € {—1,+1} is a label representing which output is preferred for the input x;
by a sign, and has the meaning

b — +1 when y;" is expected to be more suitable than y;, @)
' —1 when y; is expected to be more suitable than y;".
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Reinforcement Learning from Human Feedback

Remark (Reinforcement Learning from Human Feedback)

In dialogue-based generative models such as OpenAl ChatGPT, an interface
where users select b; in the format of Definition 2 is often used. The user simply
needs to choose "which response is preferable” from two options and does not
need to write an absolute correct answer from scratch.
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Reinforcement Learning from Human Feedback

Remark (Reinforcement Learning from Human Feedback)

In dialogue-based generative models such as OpenAl ChatGPT, an interface
where users select b; in the format of Definition 2 is often used. The user simply
needs to choose "which response is preferable” from two options and does not
need to write an absolute correct answer from scratch.

Generally, the problem setting of collecting comparative evaluations
(preferences) for multiple outputs generated by the model and performing
learning using them is often called reinforcement learning from human
feedback (RLHF) [2].
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Reinforcement Learning from Human Feedback

Remark (Reinforcement Learning from Human Feedback)

In dialogue-based generative models such as OpenAl ChatGPT, an interface
where users select b; in the format of Definition 2 is often used. The user simply
needs to choose "which response is preferable” from two options and does not
need to write an absolute correct answer from scratch.

Generally, the problem setting of collecting comparative evaluations
(preferences) for multiple outputs generated by the model and performing
learning using them is often called reinforcement learning from human
feedback (RLHF) [2].

Even if it is difficult to generate an output by oneself, it is relatively easy to

compare "which one is better," so the burden of data collection is often smaller

for input-two-outputs-preference tuple sequences compared to "input-output" pair
sequences. (a/61



Input-Output Reward Function Pair Sequence

Definition (Input-Output Reward Function Pair Sequence)

Let m € Z~( be the number of training data points. An input-output reward
function is a situation where a real-valued function for the output

R :Y—R (8)
is given for each input x; € X, and in this case, R;(y) is interpreted as

R;(y) is a value quantifying how good the output y is for the input «;. (9)

An input-reward-function pair sequence refers to the sequence

(i, Ri) | € (X x RY)™. (10)



Implementation of Reward Functions by Programs

Remark (Implementation of Reward Functions by Programs)

The reward function R; in Definition 3 does not necessarily need to be explicitly
given in a closed form; it may be implemented as a "program that receives input
x; and candidate output y and returns a score." For example:

* In the case of a math problem, extract the final numerical solution, and set
R;(y) = 1 if it matches the correct answer, and R;(y) = 0 otherwise.

* In the case of a programming problem, compile and execute the submitted
code, and set R;(y) according to the number of test cases passed.
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Implementation of Reward Functions by Programs

Remark (Implementation of Reward Functions by Programs)

The reward function R; in Definition 3 does not necessarily need to be explicitly
given in a closed form; it may be implemented as a "program that receives input
x; and candidate output y and returns a score." For example:

* In the case of a math problem, extract the final numerical solution, and set
R;(y) = 1 if it matches the correct answer, and R;(y) = 0 otherwise.

* In the case of a programming problem, compile and execute the submitted
code, and set R;(y) according to the number of test cases passed.

In this way, when R; can be defined by a program, even if a new candidate output
y is generated during the training process, it can be evaluated immediately, so it
is often practically easier to handle compared to "input-output” pair sequences.
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Design Example of Reward Functions in DeepSeek Series Models i

In the technical report of DeepSeek-R1 [1], when performing reinforcement
learning using GRPO (Group Relative Policy Optimization) [4] on the base model,
math problems and programming problems are used as inputs, and the reward
function R; is designed based on rules.



Design Example of Reward Functions in DeepSeek Series Models ii

* R2“(y) is the accuracy reward, evaluating the correctness of the problem.
For math problems, the final answer is required to be output in a specific
format, and a positive reward is given if it matches the correct answer,
otherwise 0 or a negative reward is given. For programming problems,
correctness is automatically judged using a compiler and a set of test cases,
and a reward is given according to the number of passed tests.

* RIM(y) is the format reward, evaluating whether the output format
constraints, such as enclosing the thought process with <think> and
</think> tags, are observed.
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Design Example of Reward Functions in DeepSeek Series Models iii

The report states that for training DeepSeek-R1-Zero, they adopt a "rule-based
reward system that mainly consists of two types of rewards," explaining that
learning proceeds based on two types of rule-based rewards: accuracy and
format [1]. Thus, in actual large-scale models, although R; is implemented as a

fairly complex program, it often maintains a simple decomposition structure like
Equation (11).



Remark: Extension by Separately Learned Reward Models i

The reward function R; can also be defined using a learned reward model
instead of a rule-based one. Specifically, a parametric function family

re: X x)Y =R (12)

is introduced, and ¢ is learned using preference data or data labeled with
"good/bad." Using the learned reward model, the reward function can be defined
as

Ri(y) = r¢(i, y). (13)
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Remark: Extension by Separately Learned Reward Models ii

In the case of generative Al, since the output y is often a long sequence of tokens,
R; is sometimes defined for subsequences as well. For example, process-based
reward has been proposed, where R;(y1.;) is given for the reasoning process up
to an intermediate point y;.; to evaluate the quality during inference. Even in this
case, it can essentially be handled within the framework of Definition 3.
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Relation to General RL Frameworks (1)

Other problem settings can also be considered, such as history sequences of
states, actions, and rewards handled by offline reinforcement learning

(St7at7rt)g—‘=1 (14)

or implicit state transitions and reward functions handled by online reinforcement
learning

p(se41 | st ar),  7(se,ar). (15)
These are general frameworks where rewards may be given for parts of the data
points.
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Relation to General RL Frameworks (2)

However, in the case of generative Al, it is often natural to evaluate the "completed
output" (the full natural language response or code), and it can often be sufficiently
expressed in the "input-output reward function" format like Definition 3.
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Relation to General RL Frameworks (2)

However, in the case of generative Al, it is often natural to evaluate the "completed
output" (the full natural language response or code), and it can often be sufficiently
expressed in the "input-output reward function" format like Definition 3.

Furthermore, bringing in the general reinforcement learning framework including
state transitions and long-term discounted rewards as is, while theoretically
increasing expressiveness, also causes problems such as:

* Increased number of necessary hyperparameters and design freedom,
* Increased instability of learning and implementation complexity,
« Difficulty in practical debugging.
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Relation to General RL Frameworks (2)

However, in the case of generative Al, it is often natural to evaluate the "completed
output" (the full natural language response or code), and it can often be sufficiently
expressed in the "input-output reward function" format like Definition 3.

Furthermore, bringing in the general reinforcement learning framework including
state transitions and long-term discounted rewards as is, while theoretically
increasing expressiveness, also causes problems such as:

* Increased number of necessary hyperparameters and design freedom,
* Increased instability of learning and implementation complexity,
« Difficulty in practical debugging.

Unnecessary generalization may invite learning difficulties, and in many practical
studies related to generative Al, simple settings focusing on outputs completed

per input and their rewards are preferred. s



Design Methods of Objective
Functions for Various Training
Data in the Case of LLMs



Objective Functions for LLMs

When LLMs, more specifically stochastic language models, are viewed as
parametric conditional probability mass functions, we organize what kind of
objective functions are used practically for the training data formats explained in
the previous section, corresponding to the default implementation of the practical
library Hugging Face TRL.
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LLM as Conditional Probability Mass Function

First, we formally define an LLM as a conditional probability mass function.
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LLM and Conditional PMF

Definition (LLM and Conditional Probability Mass Function)

Let the vocabulary set be a finite set )V, and denote a token sequence as
y=(y1,...,yr) € VI. (16)

We write the parametric conditional probability mass function as Py(- | -).
Here, 8 € © c R? represents the model parameters.
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LLM and Conditional PMF

Definition (LLM and Conditional Probability Mass Function)

Let the vocabulary set be a finite set )V, and denote a token sequence as

y:(yl,...,yT)EVT. (16)

We write the parametric conditional probability mass function as Py(- | -).
Here, 8 € © c R? represents the model parameters.

In many cases, Py(y | «) is decomposed autoregressively as follows:

T

Pe(y‘w):HPG(yt’xvy<t)a (17)
t=1

where Y<t = (yla oo 7yt—l)-
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Remarks on LLM Formulation

In the above equation, Py(y: | =, y<:) is often implemented by a neural network as
a classifier using softmax, but in this lecture, we will not go into those details and
treat it abstractly as a conditional probability mass function.
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Remarks on LLM Formulation

In the above equation, Py(y: | =, y<:) is often implemented by a neural network as
a classifier using softmax, but in this lecture, we will not go into those details and
treat it abstractly as a conditional probability mass function.

In the following, we define the learning objective function for Py corresponding to
the TRL implementation for each training data format given in Definitions 1, 2, and

3.
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SFT for Input-Output Pair Sequences

For the input-output pair sequence in Definition 1, TRLs SFTTrainer is basically
implemented to minimize the cross-entropy objective function corresponding to
"supervised fine-tuning (SFT)."
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SFT Objective Function

Definition (SFT Objective Function (Token-level Cross-Entropy
Minimization))

Let an input-output pair sequence (ac,, yl) be given according to Definition 1.
Represent each y; as a token sequence

vi = (Yi1, .-, vim;) € VI (18)

In this case, the SFT objective function for the conditional probability mass
function Py in Definition 4 is defined as

m T;

1
£SFT(0) =S m A IOgPO yzt|$zyyz <t) (19)
EZ 1T7’i 1t=1

That is, it is the average of the negative log conditional probabilities per token. ~ 33/61



Behavior of SFTTrainer in TRL

Remark (Behavior of SFTTrainer in TRL)

The goal of SFT (supervised fine-tuning) is "to adjust Py so that high
conditional probabilities are given to correct/preferred output sequences."
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DPO for Preference Tuple Sequences

Next, we define the objective function and algorithm for Direct Preference
Optimization (DPO) [3] for preference data.
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Objective Function and Algorithm of DPO

Definition (Objective Function and Algorithm of DPO)

According to Definition 2, assume that an input-two-outputs-preference tuple

sequence
Dpref - {(xlayql_ayj_7bz) ’ 1€ [17m]Z} (20)

is given. Here b; € {—1, +1} is a signed label indicating "which one is preferred,”
as in Definition 2.
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Objective Function and Algorithm of DPO

Definition (Objective Function and Algorithm of DPO)

According to Definition 2, assume that an input-two-outputs-preference tuple

sequence
Dpref = {(xlayql_ayj_7bz) ’ (RS [17m]Z} (20)

is given. Here b; € {—1, +1} is a signed label indicating "which one is preferred,”
as in Definition 2. Furthermore, assume that a fixed conditional probability mass
function P (-|-) called the reference model is given.
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Objective Function and Algorithm of DPO

Definition (Objective Function and Algorithm of DPO)

According to Definition 2, assume that an input-two-outputs-preference tuple
sequence
mef = {(xzayq,_ayj_7bz) ’ (S [Lm]Z} (20)

is given. Here b; € {—1, +1} is a signed label indicating "which one is preferred,”
as in Definition 2. Furthermore, assume that a fixed conditional probability mass
function P (-|-) called the reference model is given.

For each data point 4, let the log probability difference in the model and the
reference model be
Alog Py(i) = log Py(y;" | i) — log Po(y; | i), (21)
Alog Pret (i) = log Pret(y; | ;) — log Pret(y; | @4). (22)



Objective Function and Algorithm of DPO (2)

Definition (Objective Function and Algorithm of DPO (continued))
For a temperature parameter 5 > 0, define

;(0) = pb; [A log Py (i) — Alog Pref(i)}‘ (23)
Using the logistic function o (u) := m, define the DPO loss per sample as
E?PO(H) = — loga(ai(O)). (24)

The DPO objective function is the average of this, which is

m

Loro(8) = - 3 PPO(6). (25)
=1

1

A 37/61
"Hugging Face TRLs DPOTrainer implements an objective function isomorphic to equations



Intuition of DPO and TRL Implementation

Remark (Intuition of DPO Objective Function and TRL Implementation)

«;(0) in Equation (23) is the amount of change in the log probability difference
between "preferred output" and "less preferred output," taking the difference
between

* the difference Alog Py(i) under Py and
« the difference Alog P.¢(7) under the reference model Ps.

38/61



Intuition of DPO and TRL Implementation

Remark (Intuition of DPO Objective Function and TRL Implementation)

«;(0) in Equation (23) is the amount of change in the log probability difference
between "preferred output" and "less preferred output," taking the difference
between

+ the difference Alog Py (i) under Py and
« the difference Alog P.¢(7) under the reference model Ps.

That is, it is a metric measuring how much the preferred output can be favored
when compared to the reference model.
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Intuition of DPO and TRL Implementation

Remark (Intuition of DPO Objective Function and TRL Implementation)

«;(0) in Equation (23) is the amount of change in the log probability difference
between "preferred output" and "less preferred output," taking the difference
between

+ the difference Alog Py (i) under Py and

« the difference Alog P.¢(7) under the reference model Ps.
That is, it is a metric measuring how much the preferred output can be favored
when compared to the reference model.

The reference model P, is not updated and functions as a reference point for
updates, providing implicit regularization so as not to deviate too significantly.
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GRPO for Reward Function Pair Sequences

Finally, as a design example of an objective function for input-output reward
function pair sequences, we define the objective function and algorithm of Group
Relative Policy Optimization (GRPO) [4, 1], which is used in DeepSeek-R1 and
others.
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Objective Function and Algorithm of GRPO (Setup)

Definition (Objective Function and Algorithm of GRPO)
Assume that an input-output reward function pair sequence in Definition 3
DY = {(m;, R;) | i € [1,m]z} (26)

and a fixed conditional probability mass function P, called the reference policy
are given. In one step of GRPO, letting the current parameter vector be 6,4, we
proceed as follows.
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GRPO Step 1: Group Sampling

Definition (Objective Function and Algorithm of GRPO (continued))

1. Group Sampling: Using a fixed group size G € Z-, independently sample G
outputs from the old policy for each input x; as

Yij ~ Peold(' ’ wi)? JE€ [17G]Z' (27)
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GRPO Step 2: Reward and Advantage Normalization

Definition (Objective Function and Algorithm of GRPO (continued))

2. Group-wise Reward and Advantage Normalization: For each (i, j),
calculate the reward of the sampled output

Tij = RZ‘ (ym) (28)

and define the group relative advantage normalized by it as

A= el —E (29)

or}

Here, the group mean reward and standard deviation corresponding to input ¢
are defined as

1 & G
Hi = Zri,j, = Z Tij = Hi)? (30)42/61
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GRPO Step 3: Objective Function

Definition (Objective Function and Algorithm of GRPO (continued))

3. GRPO Objective Function: For each (i, j) and token position ¢, define the
probability ratio of the current policy and the old policy as

Po(yijt | T, yij<t)
i 1(0) = L e ' &
pijt(6) Po.u Wit | @i, Yij.<t)

43/61



GRPO Step 3: Objective Function (2)

Definition (Objective Function and Algorithm of GRPO (continued))
Furthermore, introduce reverse KL regularization with the reference policy P,
using the sample-based approximation

KLgegvt(o) = log Pa(yi,jt

Xi, Yij.<t) — 108 Pret(Yi gt | iy Yij<t)- (32)
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GRPO Step 3: Objective Function (2)

Definition (Objective Function and Algorithm of GRPO (continued))
Furthermore, introduce reverse KL regularization with the reference policy P,
using the sample-based approximation

KLgegvt(o) = log Pa(yi,jt

xi, Yij.<t) — 108 Pret(Yi gt | ®is Yij<t)- (32)

Using the KL regularization coefficient 5 > 0, the empirical objective function of
GRPO is defined as

m G Tij
E(Cf}){PO (6) = — Z Z Z [Pz,y t - p KLie]Vt(e)} (33)
Jj=1

ZZIZ]I'LJ'Ll t=1
GRPO minimizes this using stochastic gradient methods or similar approaches.
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Intuition of GRPO

Remark (Intuition of GRPO Objective Function)

When applying gradient methods to the GRPO objective function, for samples
with A; ; > 0, the gradient works in the direction of increasing p; ;:(0), that is,
increasing the probability Py(y; ;. | i,y ;,<¢) under the current policy, and for
samples with A; ; < 0, the gradient works in the direction of decreasing the
probability.
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Also, since A; ; is a group-normalized advantage, it is robust to differences in
reward scales.
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Intuition of GRPO

Remark (Intuition of GRPO Objective Function)

When applying gradient methods to the GRPO objective function, for samples
with A; ; > 0, the gradient works in the direction of increasing p; ;:(0), that is,
increasing the probability Py(y; ;. | i,y ;,<¢) under the current policy, and for
samples with A; ; < 0, the gradient works in the direction of decreasing the
probability.

Also, since A; ; is a group-normalized advantage, it is robust to differences in
reward scales.

The reverse Kullback—Leibler regularization term KL;%',(8) suppresses Py from

moving excessively to new modes compared to Pt.
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GRPO with Clipping (1)

Remark (Clipping of GRPO in DeepSeek Technical Papers [4,1])

GRPO was proposed in DeepSeek’s technical papers [4, 1], where clipping is
also proposed. We describe it here.
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GRPO with Clipping (1)

Remark (Clipping of GRPO in DeepSeek Technical Papers [4,1])

GRPO was proposed in DeepSeek’s technical papers [4, 1], where clipping is
also proposed. We describe it here. Define the clipped ratio

Pij(0) = clip(p;;+(0),1 — €, 1+ ¢€). (34)
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GRPO with Clipping (2)

Remark (Clipping of GRPO in DeepSeek Technical Papers (continued))
The empirical objective function of GRPO with clipping is defined as

G

m T, |

’C(Cff){POCli (0) == ZZZ min ngt 7,]3 ﬁi,jt( ) ) BKLrth( )
’ Zl IZJ 1112]1/1] 1 t= 1[ VA
(35)
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GRPO with Clipping (2)

Remark (Clipping of GRPO in DeepSeek Technical Papers (continued))
The empirical objective function of GRPO with clipping is defined as

T;,; |

’C(Cff){POCli (0) == ZZZ min ngt 7,]3 ﬁi,jt( ) ) BKLrth( )
’ Zl IZJ 12]11] 1 t= 1[ VA
(35)

Let us look in detail at when clipping and the minimum value operation change
the objective function. By the clipping function clip(-, 1 — ¢, 1 + €) in Equation (34),
pi,j,t(0) is given by

1—c¢ if pZ-J,t(O) <1—g¢
Pijt(0) = piji(0) if1—e<p;;1(0) <1+e, (36)

1+e if pi’j,t(e) >1+e.
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GRPO with Clipping (3)

Remark (Clipping of GRPO in DeepSeek Technical Papers (continued))
Using this, min(pz‘,j,t(e)Ai’j, ﬁi’j’t(a)Ai’j) can be divided into cases according to
the sign of the advantage A; ;.

+ Case A;; > 0. Since A; ; is positive,

min (p; ;,¢(8) Ai j, pijt(0)Ai ;) = Aijmin(pi;(8), pij(0))- (37)
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GRPO with Clipping (4)

Remark (Clipping of GRPO in DeepSeek Technical Papers (continued))
From Equation (36):

* When ,OZ‘Vj’t(e) <1 +e¢, since ﬁiﬂ‘,t(O) > Pi,j,t(o)y we have
min(p; j+(0), pi;+(0)) = pi;+(0), so clipping does not change the objective
function.

* When p; j+(60) > 1+ ¢, since p; j+(0) =1+ € < p; j+(0), we have
min(p; j+(0), pijt(0)) =1+¢€, 80 (1+¢€)A;; is used instead of p; ;:(6)A; ;.
Therefore, for samples with A; ; > 0, the objective function is modified only in
the region where the probability ratio p; ; (@) exceeds 1 + ¢, suppressing the
update amount of the policy. This is a mechanism to prevent unstable updates
caused by excessively increasing the probability for high-reward samples.
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GRPO with Clipping (5)

Remark (Clipping of GRPO in DeepSeek Technical Papers (continued))

« Case A;; < 0. Since A; ; is negative,
min (p; ;¢ (0)Aij, pij(0)Ai;) = Ay max(pij(0), pij(0)). (38)
From Equation (36):

* When p; ;+(0) > 1 — ¢, since p; j+(0) < p;;:(6) or they are equal, we have
max(p; ;+(0), pi (@) = pij:(8), so clipping does not change the objective
function.

* When p; ;+(0) <1 —¢,since p; ;j+(0) =1 —¢€ > p; j+(0), we have
max(p; ;(0), pijt(0)) =1—¢, 50 (1 —€)A; ; is used instead of p; ;+(0)A; ;.
Therefore, for samples with A; ; < 0, the objective function is modified only in
the region where the probability ratio p; ; (@) becomes smaller than 1 — e,

. . . . 50/61
suppressing the extreme reduction of probability to near zero by the policy



GRPO with Clipping (6)

The clipping is a mechanism to prevent loss of exploration and instability of
learning caused by rapidly reducing probability for low-reward samples.
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Practice of Reward Functions



Practice of Reward Functions

In the case of frameworks using reward functions, the problem is how to obtain the
reward function. Broadly speaking, there are:

« Cases where it is given by rules, and

* Methods to obtain the reward function itself by learning it as a parametric
function (specifically, a neural network).
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Practice of Reward Functions

In the case of frameworks using reward functions, the problem is how to obtain the
reward function. Broadly speaking, there are:

« Cases where it is given by rules, and

* Methods to obtain the reward function itself by learning it as a parametric
function (specifically, a neural network).

We introduce prominent examples for each.
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Reward Design in DeepSeek-R1-Zero

In the technical report of DeepSeek-R1 [1], there is a detailed description of
reward design when training DeepSeek-R1-Zero. R1-Zero is a model that
acquired reasoning capabilities only through large-scale RL without using SFT,
and its core is the GRPO algorithm and rule-based rewards.
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Reward Design in DeepSeek-R1-Zero

In the technical report of DeepSeek-R1 [1], there is a detailed description of
reward design when training DeepSeek-R1-Zero. R1-Zero is a model that
acquired reasoning capabilities only through large-scale RL without using SFT,
and its core is the GRPO algorithm and rule-based rewards.

The outline of the reward design is as described in Example ??: two types of
rule-based rewards based on "accuracy" and "format." In the report, for example,
the total reward is defined as a weighted linear combination like

Ri(y) = Ri*(y) + Mme R (y) (39)
(Ammt iS @ hyperparameter).
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Reward Design in DeepSeek-R1-Zero (2)

» Accuracy rewards: Automatically judge whether the final answer is correct
for math problems and programming problems. In the case of math problems,
after having the final answer output in a predetermined format, it is judged
whether it matches the true answer. In the case of programming problems,
correctness is judged by compiling the submitted code and running test
cases. The design is such that R?“°(y) becomes a positive value if it is
correct, and 0 or a negative value if it is incorrect.

54/61



Reward Design in DeepSeek-R1-Zero (2)

» Accuracy rewards: Automatically judge whether the final answer is correct
for math problems and programming problems. In the case of math problems,
after having the final answer output in a predetermined format, it is judged
whether it matches the true answer. In the case of programming problems,
correctness is judged by compiling the submitted code and running test
cases. The design is such that R?“°(y) becomes a positive value if it is
correct, and 0 or a negative value if it is incorrect.

* Format rewards: Require the model to output the thought process between
<think> and </think> and the final answer between <answer> and
</answer>, and give RI™(y) according to whether this format is observed.
Penalties are given if tags are missing or the order is incorrect.
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Reward Design in DeepSeek-R1-Zero (2)

» Accuracy rewards: Automatically judge whether the final answer is correct
for math problems and programming problems. In the case of math problems,
after having the final answer output in a predetermined format, it is judged
whether it matches the true answer. In the case of programming problems,
correctness is judged by compiling the submitted code and running test
cases. The design is such that R?“°(y) becomes a positive value if it is
correct, and 0 or a negative value if it is incorrect.

* Format rewards: Require the model to output the thought process between
<think> and </think> and the final answer between <answer> and
</answer>, and give RI™(y) according to whether this format is observed.
Penalties are given if tags are missing or the order is incorrect.

Such rule-based rewards are suitable for large-scale RL in that they do not require
human annotation and can automatically evaluate a large number of problems.  s4/61



Learning Reward Models: InstructGPT

On the other hand, when one wants to obtain rewards reflecting qualities difficult
to describe by rules (e.g., "politeness" or "helpfulness"), it is effective to learn the
reward function itself as a neural network.
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Learning Reward Models: InstructGPT

On the other hand, when one wants to obtain rewards reflecting qualities difficult
to describe by rules (e.g., "politeness" or "helpfulness"), it is effective to learn the
reward function itself as a neural network. A representative example is the RLHF
pipeline in OpenAl’s InstructGPT [2].
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Reward Model Learning Pipeline (1)

In InstructGPT, the reward model is roughly learned in the following 3 stages.

1. Learning of SFT Model: First, using SFT in Definition 5, learn an initial policy
model Py, that follows instructions.
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Reward Model Learning Pipeline (1)

In InstructGPT, the reward model is roughly learned in the following 3 stages.

1. Learning of SFT Model: First, using SFT in Definition 5, learn an initial policy
model Py, that follows instructions.

2. Collection of Preference Data: Sample multiple responses from the SFT
model and have human annotators label "which response is preferable" in a

form like
(i, yl.(l), o ng), preference). (40)
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Reward Model Learning Pipeline (2)

3. Learning of Reward Model: Introduce a parametric reward model
re: X xY =R (41)

and for the preference data, for example, for a pair consisting of 2 responses

(yi(w), y,@) (the better one and the worse one), minimize a logistic loss like

N
Lrm(p) = —izloga ro(@iyl”) —rg(@i,yl))). (42)
N

=1

Here o is the logistic function in Equation (??). In the InstructGPT paper,
human preferences are approximated as a scalar value 4 through such
reward model learning [2].
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Reward Models and PPO in InstructGPT

In practice, in [2], Proximal policy optimization (PPO) is applied to update the
parameters of the stochastic language model using the learned reward model ¢
obtained above.

58/61



Reward Models and PPO in InstructGPT

In practice, in [2], Proximal policy optimization (PPO) is applied to update the
parameters of the stochastic language model using the learned reward model ¢
obtained above. Note that PPO is a more complex algorithm compared to GRPO,
as it learns a value function model together with the stochastic language model
within the algorithm, while using the learned reward model.
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Summary




Summary: Answers to Learning Outcomes

» Since the format of training data cannot necessarily be changed for the
convenience of Al engineers, it is necessary to know various types of training
data formats. Training data formats include sequences of input-output pairs,
sequences of input-two-outputs-preference tuples, and sequences of
input-reward function pairs.
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Summary: Answers to Learning Outcomes

» Since the format of training data cannot necessarily be changed for the
convenience of Al engineers, it is necessary to know various types of training
data formats. Training data formats include sequences of input-output pairs,
sequences of input-two-outputs-preference tuples, and sequences of
input-reward function pairs.

« If the format of the training data changes, the most natural objective function
also changes accordingly. SFT or similar is applicable to sequences of
input-output pairs, DPO or similar to sequences of
input-two-outputs-preference tuples, and GRPO or similar to sequences of
input-reward function pairs.
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